Abstract. We present Galerkin methods in both the age and space variables for an agedependent population undergoing nonlinear di usion. The methods presented are a generalization of the methods presented in 1], where the approximation space in age was taken to be the space of piecewise constant functions. In this paper, we allow the use of discontinuous piecewise polynomial subspaces of L 2 as the approximation space in age. As in the piecewise constant case, we move the discretization along characteristic lines. The time variable has been left continuous. The methods are shown to be superconvergent in the age variable.
1. Introduction. We present Galerkin methods in both the age and space variables for an age-dependent population undergoing nonlinear di usion. The methods presented are a generalization of the methods presented in 1], where the approximation space in age was taken to be the space of piecewise constant functions. In this paper, we allow the use of discontinuous piecewise polynomial subspaces of L 2 as the approximation space in age. As in the piecewise constant case, we move the discretization along characteristic lines. The time variable has been left continuous. This simpli es the presentation and analysis of the method as well as emphasizes the independence of the age discretization from any suitable time discretization. The methods are shown to be superconvergent in the age variable.
2. A Continuous Model. We consider the age-dependent population model with nonlinear di usion, @ t u + @ a u = r k(x; p)ru ? (x; a; p)u; x 2 ; a 0; t 0: (2.1) where r and r denote the gradient and the divergence, respectively, in x. The function u(x; a; t) represents the distribution of individuals, R n represents the spatial domain, a represents age, and t represents time. The function > 0 is the death rate. The total population density, p, is given by p(x; t) = Z 1 0 u(x; a; t) da; x 2 ; t 0:
We have a birth condition u(x; 0; t) = b(x; u(x; ; t)); x 2 ; t 0; (2.3) that is dependent on the entire population distribution. We note that b is an operator whose second argument is a function de ned on R + , where R + denotes the nonnegative real numbers. The di usion arises from the symmetric random motion of that represents an isolated habitat. The initial condition is u(x; a; 0) = u 0 (x; a); x 2 ; a 0:
Langlais 2] proved the existence of unique non-negative solutions for the case when k, , and are independent of x. A corresponding treatment for the system (2.1) (2.5) is beyond the scope of this paper; we will concentrate on the numerical aspects of the problem. Thus, we assume existence and uniqueness of smooth, nonnegative solutions.
We make several assumptions: jb(x; '(x; ; t)) ? b(x; (x; ; t))j
and is uniformly bounded. Here, H ?1 (R + ) is the dual to H 1 (R + ). The form ( ; ) denotes the L 2 inner product over .
Let M denote a nite dimensional subspace of H 1 ( ). Let fa i g ?1 i=0 be a sequence such that a 0 =ã max , 0 < a i+1 ? a i < a, and a i ! 0 as i ! ?1. Let J be the set of a i 's. For a xed non-negative integer q, let C denote the space of all piecewise continuous functions over the partition of (?1;ã max ] de ned by J such that ' 2 C has the property that ' restricted to (a i ; a i+1 ) is a polynomial of degree at most q. We think of the functions in C as being zero on (ã max ; 1). We de ne a nite dimensional space in age that moves along the characteristic curves, da=dt = 1:
This discretization will allow the numerical method to be free of numerical dispersion in age. We take U (t) 2 M A(t). In practice we can take the age domain to be 0; a max ], for some a max . This is reasonable due to the exponential decay in age of u 1].
4. Error Analysis. Wheeler, in her analysis for parabolic equations 5], showed the importance of choosing the right projection in constructing an argument; in her case it was the elliptic projection. In this paper we use a tensor product projection based on an elliptic projection in space and an L 2 -projection in age. A lack of a subscript indicates = L 2 ( ). For ' 
We show that the approximate solution U is close to a function X, which is the elliptic projection in space and the L 2 -projection in age of the true solution u. We de ne the projection A(t) : L 2 (R + ) ! A(t). For each (a; t), we takeX(a; t) 2 M such that k(p; u ?X; v) = 0 for all v 2 M and such that (u?X; 1) = 0. Similarly, for each t, we take Y (t) 2 M to satisfy k(p; p ?Y; v) = 0 for all v 2 M and (p?Y; 1) = 0. We choose X(t) 2 M A(t) such that X(t) = A(X(c; t)). We set # = U ? X; = u ?X;~ =X ? X; $ = P ? Y; and = p ? Y: In the following estimate we will suppose that rY and the L 2 -norm in age of rX are uniformly bounded. We could instead add conditions on M, , and u that would imply these bounds, but this would add complexity with no bene t in understanding why the numerics work. We add the following condition: Remark. This result shows superconvergence of one additional power of a in the age variable, since only~ involves approximation in age. Hence, as a function of age, U is closer to the L 2 -projection in age of u than it is to u itself, at least for a su ciently small.
Proof. For this proof C will denote an arbitrary constant with dependencies not greater than those of C . When only a single argument is given to U , u, ,~ , or #, that argument denotes age.
Subtract Equation ( In this expression the last term is zero because v is constant along characteristics. 2 (j j j j j j 2 + j j j#j j j 2 ):
Let denote the average of in age over each interval of the age discretization. Then Before we can use the above evolution inequality to get bounds on the error, we need corresponding relationships for the total population density. We integrate equation Using similar bounds for the other terms gives @ t k$k 2 + C 0 k$k 2 H 1 C k$k 2 + j j j#j j j 2 + k k 2 + j j j j j j 2 +k@ t k 2 H ?1 (4.7)
+( a) 2 j j j~ j j j 2
Adding Equations (4.4) and (4.7) and applying a Gronwall's lemma 1 , we obtain the stated result.
Remark. An examination of the proof shows that the only places where we used the fact that we were dealing with discontinuous piecewise polynomials in age is where we picked up an extra power of a. Hence an equivalent argument could be applied to more general piecewise polynomial spaces in age. It seems likely, but has not been checked, that superconvergence could be demonstrated in more general contexts using superapproximation properties 4]. 
